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supersymmetric but has 24 supersymmetries. Hence it is interesting to study whether the modular invariance and consistency condition between open and closed strings are satisfied or not in such less supersymmetric case. Moreover, since the number of preserved supersymmetries is nontrivial even in the case of supersymmetric D-branes, it is also interesting to construct boundary states in our model † .
In this paper we discuss partition functions in the N = (4, 4) type IIA string theory on the pp-wave. We first show that our theory is modular invariant. The boundary states is constructed and then we classify the allowed D-brane instantons. They are 1/2 BPS states This paper is organized as follows: In section 2 we prove the modular invariance of N = (4, 4) type IIA string theory on the pp-wave background. The Witten index of this theory is shown to be one. Section 3 is devoted to a brief review about the supersymmetries of our theory. In section 4 we construct boundary states and classify D-brane instantons. In section 5 we calculate the cylinder amplitude in the closed string description. In section 6 the amplitude is derived in terms of open string and the open/closed string channel duality in our theory is proven. From the channel duality, the normalization factor of the boundary state is determined. In section 7, based on the result of section 2, we discuss several properties of modular invariant partition function in some general setup. Finally, section 8 is devoted to conclusions and discussions.
Modular Invariance of Type IIA String Theory
In this section we will discuss the modular invariance of type IIA string theory in the closed string description. † We note that, contrary to the present type IIA case, the boundary states in the type IIB string theory on the pp-wave background have been relatively much studied [25, [28] [29] [30] .
The action of our type IIA string in the light-cone gauge is given by
where α ′ is a string tension and we have set p + = 1. The γ r 's are 16 × 16 SO(9) gamma matrices and we defined Π ≡ γ 123 (Π T ≡ γ 321 ). Each of the spinors Ψ i± (i = 1, 2) has four independent components and the superscript ± represents the chirality measured by γ 1234 :
This theory has 24 supersymmetries (8 dynamical supersymmetries and 16 kinematical supersymmetries). The equations of motion are described by
2)
3)
4)
By solving the equations of motion (2.2) and (2.3), we can obtain the mode-expansions of bosonic variables represented by
1 ω n α a n φ n +ᾱ a nφ n , (2.6)
From the equations of motion (2.4) and (2.5), the mode-expansions of fermionic variables are represented by
10)
Here we have introduced several notations:
. Now we shall quantize the theory by imposing (anti)commutation relations. The commutation relations for bosonic modes are given by
and the anticommutation relations for fermionic modes are written as
Now let us introduce the annihilation and creation operators:
for the sector with mass µ/3 and
for the sector with mass µ/6, and those for fermionic variables:
Then the commutation relations are rewritten as
and the anticommutation relations are given by
By using the above (anti)commutation relations, we can represent the Hamiltonian and momentum in terms of creation and annihilation operators as follows: 12) where N n and N ′ n are defined by
Now we shall introduce the Casimir Energy defined by
Then we can express the vacuum energy for eight bosons as 14) and that for fermions as 15) where the symbol ∼ = means the equality after the regularization of zero-point energies and the factor 4 appears since each fermion considered here has four independent components.
Here let us evaluate the toroidal partition function: 16) where τ 1 and τ 2 are modular parameters and F is the fermion number operator.
First we will consider a partition function for one boson with mass ν. The number operator,
Hamiltonian and momentum are given by
and so we can obtain the partition function:
where we have introduced the 'massive' theta function defined by
Next we consider a partition function for single component fermion. The number operator,
and hence we can obtain the partition function:
If we recall the field contents of our model:
, (2.20) the bosonic and fermionic partition functions Z B and Z F are given by
and hence the total partition function is given by
Thus we have shown that our theory is modular invariant at the one-loop level since the total partition function Z of (2.21) is independent of the modular parameters τ andτ . As will be shown in more detail with some generality in the section 7, this result implies that the Witten index is one as in the cases of other string theories on pp-waves. It should be remarked that our type IIA string theory is modular invariant in the sector with mass µ/3 and in that with µ/6, respectively.
Supersymmetries of Type IIA String Theory
In this section we will briefly review about N = (4, 4) supersymmetries of the type IIA string theory on the pp-wave background [17, 18] , according to which the world-sheet variables are arranged into two supermultiplets, (
. Then we will rewrite the supercharges in terms of modes in order to construct the boundary states in section 4.
This type IIA string theory on the pp-wave background has 24 supersymmetries, among which 8 are dynamical and 16 are kinematical. The dynamical supersymmetry transformation laws for the multiplet (x a , Ψ 1− , Ψ 2+ ) with mass µ/3 are given by
and those for the multiplet (x b , Ψ 1+ , Ψ 2− ) with mass µ/6, are written as
where the constant spinors ǫ 1+ and ǫ 2− satisfy the following chirality conditions:
respectively. As for the kinematical supersymmetry, the transformation laws are given bỹ
where the constant spinorsǫ 1+ ,ǫ 1− ,ǫ 2+ andǫ 2− satisfy the chirality conditions in terms of γ 9 and γ 1234 in the same way as the dynamical supersymmetry case.
By the use of Noether's theorem, we can construct the associated supercharges. Firstly the dynamical supercharges are obtained as
Here the Q 1+ and Q 2− are the quantities defined as 8) and, for the Q ′2− and Q ′1+ ,
Secondly, the kinematical supercharges are obtained as
where theQ 1− andQ 2+ are defined bỹ 13) and, for theQ
14)
Now we can rewrite the above supercharges in terms of creation and annihilation operators by inserting the mode-expansions of bosonic and fermionic degrees of freedom.
and
On the other hand, the kinematical supersymmetries are rewritten as
In the next section, the above expressions of supercharges will be used for constructing the fermionic boundary states.
Boundary States of Type IIA String Theory
In this section we will construct the boundary states of type IIA string theory on the pp-wave background with 24 supersymmetries. To begin with, the bosonic boundary states will be constructed. Next, we construct the fermionic boundary states and classify the allowed Dbrane instantons in our theory. The resulting boundary states will be used for the calculation of amplitude in the closed string description.
Bosonic Boundary States
Here we will consider the bosonic part of boundary states in the Type IIA string theory. The
Neumann condition) and (x a , x b ) (for the Dirichlet condition).
The definition of bosonic boundary state |B is given by the following boundary conditions:
The conditions (4.1) can be rewritten as 4) and lead to the bosonic boundary state |B for Neumann directions described by
where |0 is the bosonic Fock vacuum state annihilated by the operators, a
n . On the other hand, the second conditions (4.2) can be rewritten as
With these boundary conditions, we can construct the boundary states for Dirichlet directions described by
Here we shall introduce a diagonal matrix M ij = diag(±1, · · · , ±1) with eight components where +1 is assigned for Dirichlet directions and −1 is assigned for Neumann ones. If we will set as q a 0 = q b 0 = 0, the bosonic boundary state can be rewritten as
Thus the bosonic boundary state is the product of two sectors with mass µ/3 and that with µ/6, and it has the SO(4) × SO(4) symmetry. We will study the fermionic boundary states in the next subsection.
Fermionic Boundary States
We will now consider the fermionic part of boundary states in our case. The fermionic boundary states are defined by
where matrices M (µ/3)
satisfy the following relations:
The definition of the fermionic boundary states (4.11) leads to the conditions written in terms of the zero-modes ‡ :
These conditions suggest us to take the following ansatz: The above equations can be easily solved and the boundary state is given by on (4.10), we have three types of conditions that lead us to determine the structure of the
) . Firstly, we obtain the conditions 17) which are similar to those arising in flat space [29] . The second type of conditions, which appears only in the pp-wave case, is
Finally, the third type of conditions we get comes from the zero-mode parts: As a final remark regarding the structure of the matrices,
we now consider the chirality condition while the above three types of conditions are almost same as in the type IIB string case [30] . First we can easily find that both matrices M (µ/3) and M (µ/6) contain the odd number of gamma matrices in order to preserve the SO(8) chirality measured by γ 9 . Moreover, if we consider the chirality in terms of the matrix R = γ 1234 , we have the following conditions basically from (4.10) and (4.11):
Then we obtain the following complete boundary state: 24) where the state |B 0 is the product of the bosonic vacuum state, which is given by picking up the zero-mode parts in Eq. (4.9), and the fermionic one which is the solution of (4.14).
The remaining task is to determine the matrices M andM from the conditions (4.17), (4.18), 
Classification of D-brane Instantons
We will classify the allowed D-brane instantons by determining the matrices M andM . Now let us analyze each of Dp-brane instantons.
D0: D0-brane instantons are expressed by the following matrices:
The x I -direction satisfies the Neumann boundary condition and other directions satisfy the Dirichlet boundary condition. When we consider M = γ 1 as an example, x 1 is a Neumann direction and other directions are Dirichlet ones. If we consider the D0-brane instanton at the origin q 2,3,4,5,6,7,8 = 0, then it is a 1/2 BPS object. If we consider the D0-brane instanton apart from the origin, then it becomes a 1/3 BPS object.
D2: D2-brane instantons are given by
or D4: D4-brane instantons are described by
When we take M = γ 12356 , the x 1,2,3,5,6 -directions satisfy the Neumann boundary condition and others are the Dirichlet directions. When the D4-brane instanton is at the origin q 4,7,8 = 0, it is a 1/2 BPS object. If it is apart from the origin, it becomes 1/3 BPS.
D6: D6-brane instantons are given by
For example, the case M = γ 1245678 leads to a D6-brane instanton that preserves 12 supersymmetries (i.e., 1/2 BPS) for q 3 = 0 and 8 supersymmetries (1/3 BPS) for q 3 = 0.
We should remark that the above classification of D-brane instantons is consistent with that of D-branes in the open string description [18, 20] . The Neumann (Dirichlet) boundary condition in the closed string description is simply related by the Dirichlet (Neumann) one in the open string description, and hence this identification should hold as a matter of course. For comparison with the classification of D-branes [18, 20] , we shall summarize our result in Tab. 1.
Cylinder Amplitude in the Closed String Description
In this section we will calculate the tree amplitude in the closed string description. The interaction energy between a pair of D-branes comes from the exchange of a closed string between two boundary states (i.e., a cylinder diagram).
The expression of the cylinder diagram (tree diagram) in the light-cone formulation can be expressed as
= dp + dp
where H is the light-cone Hamiltonian of a closed string and the |Dp, p + , q i represents a boundary state of a Dp-brane instanton located at the transverse position q i with the longitudinal momentum p + . We note that the prescription given in [25] has been used for obtaining the last line in the above equation. If we define the variable t by
by performing the customary Wick rotation, the amplitude is rewritten as
whereÃ Dp 1 ;Dp 2 (t, q 1 , q 2 ) is the expectation value:
Now the tree amplitude (5.3) will be calculated by using the boundary states constructed before. We restrict ourselves to the case of identical Dp-brane instantons for simplicity. The calculus consists of three parts: 1) vacuum energies, 2) nonzero-modes, and 3) zero-modes.
Let us concentrate only on the sector with mass ν ≡ µ/3. The other sector with mass The contribution of nonzero-modes to the amplitude is also the same as that of partition function of a closed string, and so it is readily written as
The contribution of bosonic zero-modes can be evaluated by using the formula:
As a result, the factor (1 − q ν ) −2 is obtained from bosonic zero-modes. The fermionic zeromodes can be evaluated by adopting the prescription given in the appendix of [25] , and the resulting contribution is (1 − q ν ) 2 . Consequently, the contribution of zero-modes is summarized as follows:
After taking account of the sector with mass µ/6, the total partition function is then represented byÃ Dp;Dp =Ã B Dp;Dp ·Ã 8) where N Dp is the normalization factor of boundary states, which is not determined yet. This factor can be fixed by calculating the cylinder diagram in the open string channel. This task will be done in the next section.
In the work of [25] , the "conformal field theory condition" also holds in our theory.
Partition Function in the Open String Description
In this section we will discuss the one-loop amplitude of open string, and confirm the consistency condition between open and closed string channels.
We start from the light-cone action of open string defined by
To begin with, we shall present the mode-expansion in the case of open string. The modeexpansion of D-D string is expressed as
where the endpoints satisfy the Dirichlet conditions:
The mode expansion of N-N string, whose endpoints satisfy the Neumann conditions, is written as
The mode-expansion of fermions are the same with that in the case of closed string, but we have to take account of boundary conditions at σ = 0 and π described by
where Ω is the gluing matrix for fermionic modes on the boundaries.
We now introduce the creation and annihilation operators given by
then the Hamiltonian H B for the Dirichlet directions is expressed by 6) and that for the Neumann directions is represented by
ω n (a † a n a a n + a a n a † a n )
The Hamiltonian of fermions H F is rewritten as
Now we shall evaluate the Casimir energy given as follows:
in terms of zero-point energy.
The zero-point energies of a single boson with the Dirichlet condition are given by
and those with the Neumann condition are expressed as
As for the zero-point energies for a fermion, we have
where the factor 4 in front of the summation arises since each of fermions considered here has four independent components. The contributions of zero-point energies to the partition function Z F are then e −2πt(ν−2∆(ν;0)) = e −2πtν e 4πt∆(ν;0) and e −2πt(ν ′ −2∆(ν ′ ;0)) = e −2πtν ′ e 4πt∆(ν ′ ;0) .
We note that we have to treat carefully the zero-mode part of the Hamiltonian
The (Ψ 0 ) α and (Ψ ′ 0 ) α have four non-vanishing components, and hence four sets of creation and annihilation operators S 
, and the associated energies are ± ν 2 and ± ν ′ 2
. Consequently, the contribution from these zeromode parts is evaluated as
We now turn to the evaluation of the total partition function of the open string connecting two identical Dp-branes. Let us first consider the partition function for bosons:
We will consider the sector with the mass ν = µ/3. The bosonic partition function for the
where the function f (q
The partition function for the p Neumann directions (i.e., p = ♯(N-N strings)) is written as
ν+∆(ν;0)) .
Thus, the bosonic partition function on the sector with mass µ/3 is represented by
where we have utilized the theta-like function: θ (a,b) (t; ν) = Θ (a,b) (it; −it; ν) .
Next we shall evaluate the partition function for fermions with mass µ/3. The fermionic partition function is given by
After the similar calculation to bosonic case, we obtain the fermionic partition function:
It is an easy task to include the sector with mass µ/6, and thus the total partition function is described by [25] . Hence the normalization factor of boundary states for the Dp-brane instanton is given by
Thus, we have shown the open/closed string duality in the N = (4, 4) type IIA string theory at the origin. It was already shown in [25] that this duality holds in the case of the type IIB string theory on the maximally supersymmetric pp-wave background. Although we are in a situation of less supersymmetric case, the duality still holds at the origin.
It should be noted that the open/closed string duality holds at the origin. That is, the open/closed string duality requires that there is no dependence on transverse coordinates since the supersymmetry conditions require that both D-brane instantons should be at the origin, as discussed in the paper [25] . The cylinder amplitude does not have sensible behavior once the branes are located away from the origin.
General Properties of Partition Functions of Closed String
We have discussed the partition function and modular invariance of the type IIA string theory on the pp-wave background above. In this consideration there are two sectors with masses µ/3
and µ/6, and we have found that the modular properties hold in each sector. In this section, motivated by this fact, we will discuss general properties of partition functions of closed string apart from the type IIA string theory considered above. We suggest that some characteristics of string theories on pp-waves should be fixed from the requirement of modular invariance.
In the pp-wave case, theta-like function Θ (a,b) (τ,τ , ν) should appear in the closed string partition function. It contains a mass parameter ν and has peculiar properties under modular transformations
Notably, the mass parameter ν changes into |τ |ν under S-transformation τ → −1/τ , and it gives us severe constraints in constructing modular invariant partition functions. In other words, we can make modular invariant partition functions with this clue to go upon. Now we will study a certain class of modular-invariant partition functions on the pp-wave background by using the modular properties of Θ (a,b) (τ,τ , ν).
To simplify the problem, we put the following ansatz:
(1) There are several kinds of mass parameters ν's.
(2) For each ν, the partition function Z B (τ,τ , ν) of the boson and that of fermion Z F (τ,τ , ν)
cancel. That is to say, Z B (τ,τ , ν) · Z F (τ,τ , ν) = 1.
We impose the ansatz (2) because the modular S-transformation changes the mass parameter ν into another one |τ |ν and it is generally difficult to construct modular invariant combinations of Z B 's and Z F 's. In order to avoid this complicated problem, we take the simplest ansatz
here. But we should emphasize that there might be other modular invariant combinations without our ansatz and we cannot say there are no other possibilities.
Here we will investigate such restricted cases only and compare our results with the models proposed earlier.
Now we will classify possible models by the use of the above ansatz. In order to realize the condition (2), the degrees of freedom of bosons must be identical with those of fermions.
When we consider a transverse D dimensional space, the degrees of freedom of bosons are D We study superstring theories and hence the dimension of transverse space should be eight.
For massless cases, the associated Lorentz symmetry is SO(8) and there are eight massless bosons. However bosons have mass terms in our massive case. We set N a as the number of sets with a(= 1, 2, 4, 8) bosons with the same mass parameter. Let ν a,i (i = 1, 2, · · · , N a ) be mass parameters for bosons and fermions in the same set. Due to mass terms, Lorentz symmetry is broken down to smaller one
with
From this constraint, we can classify possible combinations: It is actually modular invariant and many models proposed earlier are included in our results.
Last we explain the result Z = 1 from the point of view of energy matching. Let ε be any energy level of states in our string system. We also introduce n B (ε), n F (ε) as the number of bosonic states and that of fermionic states at each energy level ε respectively. Then the associated partition function Z is defined as Z = Tr(−1) F e −2πτ 2 H = ε (n B (ε) − n F (ε))e −2πτ 2 ε .
Here F is the fermion number operator and we also take τ 1 = 0 for simplicity. By comparing our result Z = 1, we understand following relations 1 = Z = (n B (ε = 0) − n F (ε = 0))e −2πτ 2 ·0 + ε>0 (n B (ε) − n F (ε))e −2πτ 2 ε , n B (ε = 0) − n F (ε = 0) = 1 , n B (ε) = n F (ε) (ε > 0) .
It shows that number of bosonic states and that of fermionic states match at each energy level ε > 0. Then total energy of bosonic states E B = n B (ε) · ε is equal to that of fermionic states E F = n F (ε) · ε at each energy level ε > 0. On the other hand, there is unbalance in number between bosonic states and fermionic states for the ε = 0 part. But the associated total energy of bosonic states E 0 B = n B (ε = 0) · 0 = 0 equals to that of fermionic states E 0 F = n F (ε = 0) · 0 = 0 in this ε = 0 sector. So the partition function Z is nothing but the Witten index Z = Tr(−1) F in our massive case. This fact is already known in previous papers.
Collecting these considerations, we conclude that our ansatz (2) is equivalent to a condition (Witten index)= 1. When we impose this condition (2) on Z, the resulting partition function is one and does not vanish. It also ensures that total energies of states at each energy level ε match between bosonic states and fermionic states.
Our ansatz satisfies sufficient conditions to construct modular invariant partition functions.
But we do not know necessary condition for this problem. We think it is important to find some further extra constraints in order to construct consistent string backgrounds and classify possible strings for massive cases.
Conclusions and Discussions
We have discussed the partition function of type IIA string theory obtained from the elevendimensional theory through the S 1 -compactification of a transverse direction.
The modular invariance of our type IIA string theory has been proven. This type IIA string theory is less supersymmetric but it is modular invariant by virtue of the cancellation between bosonic and fermionic degrees of freedom.
We have constructed the boundary states and classified the D-brane instantons in our theory.
The resulting list of the allowed D-brane instantons is consistent with that of the allowed D-branes obtained previously in different frameworks. In addition, we have calculated the amplitude between D-branes in the closed and open string descriptions, and checked the channel duality in our theory. Furthermore, we have briefly discussed general modular properties. There are many non-maximally supersymmetric pp-wave backgrounds, but not all of them would give 'modular invariant' superstring theories. Thus, we believe that the modular invariance is an available clue to classify the 'physical ' string theories on pp-waves.
